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Optimal Shape Design

Goal: Improve aircraft performance by
iteratively changing an aerodynamic shape

Common Approaches:
e Local Optimizers:

— Gradient Based Algorithms
e Global Optimizers:

— Genetic Algorithms

— Particle Swarm Algorithms

e Surrogate Based Optimizers:

— Gaussian Process Regression
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+ Non-parametric

+ Uncertainty of Fit

+ Gradient Information

— Hyperparameter Tuning
— Numerical Stability

— Computational Cost

— High Dimensionality

Uncertainty —
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Gaussian Process Regression

A multivariate normal distribution with zero mean ...

R (o, | k(1) k(7)) )
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... Conditioned with the known data ...

fla® o, f~ N (V]

... Yields a system of linear equations
that estimates an unknown function value
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Rasmussen, 2006
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Outline

Gradient Enhanced
Response Surfaces

Managing Gradient
Inaccuracies

Managlng High
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Response Surface Methodologies
for Low-Boom Supersonic Aircraft
Design using Equivalent Area
Distributions

AIAA MDAO 2012

Trent Lukaczyk
Francisco Palacios
Juan Alonso
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Motivation

N+2 Supersonic Passenger Jet Concept

Cruise:

Mal6-1.8
"~ Sonic Boom:
= 65-70 PLdB

Fuel Efficiency:

{ ’ 3 pax-mi/lbs fuel
» Range:
i S

A, 4000 nmi
Payload:
35-70 pax

e N

image: nasa.gov

» Reduce Boom Noise, Reduce Drag, Maintain Lift



Near ﬁeld[\l\l\h\l\l

I —
Mid-field o

Far field |/\

» CFD-based equivalent area inverse design
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Adjoint Solver

Drag sensitivity

1.68256E-06

| -1.98553E-06
—-2.83785E-08

-8.20461E-08

Mach_Mumber: 158 180743

Mesh Deformation And More

-' : é STANFORD UNIVERSITY

* Gradient Projection
* Python Wrappers

e Under active development by the
Aerospace Design Lab

http://su2.stanford.edu

10




11

Gradient Based Design Procedure

From the optimizer

7eRN l
u_f flow solution
[ Baseline ] \[J  adjoint solution
Mesh 7 € RY design parameters
| cost/constraint functions To the
optimizer
Mesh : P
. Gradient Module >
Deformation J
)
Direct Solver Adjoint Solver

—

w

A\ 4

Sighature
Extraction

A. Calculation




-1

S 2VI[F]—

-5 0 5
input, x

Rasmussen, 2006

12 ) aerospacedesignlab



1 _ 1 n
log p(fylzp. On) = =5 f, lo] ™" fp — 5 log o] — 5 log 27
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Gradients
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Noise Models

fn(x) = f"(x) +e

k] = k] 4 [k

2
93 In",n’ O*Jrz,’,’m’
2
Om-’ /! 94 Im-’ ,m/
n" =n(l+d)

m' =m(1 +d)
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Our Approach to SBO

‘ Initial Sample Locations

v
High Fidelity Simulation

A

L Mesh Deformation

Direct Solution )
| New Sample Location

Adjoint Solutions I

v Adaptive Refinement

Hyperparameter Tuning Genetic Algorithm

Objective Function Gradient Based Optimizer

Constraint Function ‘

Expected Improvement
Converged?

‘ YES NO

—

Estimated Optimum

Sample by Expected
Improvement

Converged?
YES NO > Sample b}j FEstimated -
Optimum
Convergence
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Our Approach to SBO

Optimize one objective with constraints

Two Adaptive Refinement Criteria
1. Modified expected improvement
2. Estimated optimum

Computational Cost

— Scale data and assume isotropic variation
— Condense hyperparameter space to four variables

Numerical Stability

— Constrain noise hyperparameters to maintain a

minimum amount of noise
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Hyp. Description

©; Nominal Variance
©, Length Scale

©,; Noise in Objective Function

©, Noisein Gradients

e Maximize marginal likelihood
1 1
108 p(fylp,04) = =51, [0(60:)]7" f = 5 log |[0(6,)]| — 5 log 27

e Becomes expensive in higher dimensions

— requires inversion of (1+d)n x (1+d)n matrix at
every evaluation
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Hyperparameter Selection

Hyp. Description

©; Nominal Variance
©, Length Scale
©,; Noise in Objective Function

©, Noisein Gradients

 There could potentially be one length scale
and one gradient noise parameter per
dimension

e Scale data and assume isotropy to reduce
computational expense
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Hyperparameter Selection

Hyp. Description

©,; Nominal Variance
O, Length Scale
©,; Noise in Objective Function

©, Noise in Gradients

To improve numerical stability and robustness:

Constraint Motivation

O0,/0,<le-1 Avoid interpreting data as noise

0,/0,> 1e-8 Maintain well conditioned numerics
rcond([o]) > 1e-10 Maintain well conditioned numerics

0,<0, Honor function value before gradient

20
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Our Approach to SBO

Optimize one objective with constraints

Two Adaptive Refinement Criteria
1. Modified expected improvement
2. Estimated optimum

Computational Cost

— Scale data and assume isotropic variation
— Condense hyperparameter space to four variables

Numerical Stability

— Constrain noise hyperparameters to maintain a

minimum amount of noise
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Modified Expected Improvement

Traditional expected improvement ...
Ell(x)] = E[max(fumn — F,0)]

— (fnlin o f*)(I) (flniz*_f ) _I_ S*Q’j (fllliz*_f )

Condition by probability of constraint feasibility ...
c

Ple(x) < 0] = (—)

*
SC

Avoid boundaries of the design space ...

1 . l, u
B(z) =1—-—exp | —=min Tk 2%:% kagkzlj...,d
2 b: bt

Combine to yield an infill sampling criteria ...
[SCy(z) =E[I(x)]-Ple(x) < 0] - B(x)
Lnew — L ‘ max (ISCl (IL’))

22 ) aerospacedesignlab



23

(o))

1SC\(x)

Ee—
S=——1
——
~‘--_=-
—-____

Infill Sampling Criteron

If

i &
- ~om oo
o ?'\omm,, |




Example Refinement

Objective Surface Constraint Surface
4+ Samples
4000 B Surrogate
Z 2000
S

S N

Expected Improvement

oo
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Example Refinement

Objective Surface Constraint Surface
+ Samples
4000 I Surrogate
=2 2000
S,
0n
2
0 2
X2 0
2 9 1
Expected Improvement Probability of Feasibility
400,

N O
S
==
"‘----..-—Q.L
e — .y
=
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Objective Surface

4+ Samples
B Surrogate

Expected Improvement




27

4000

22000
S,

0o

oo

Objective Surface

4+ Samples
B Surrogate

Expected Improvement
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4000

22000
S,

0o

oo

Objective Surface

4+ Samples
B Surrogate

Expected Improvement
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Objective Surface

+ Samples
4000 I Surrogate
=2 2000
S,
0n
2 N
0 e
T2 — 0
2 9 1
Expected Improvement Probability of Feasibility
400
’_Aﬁ
8
=200
€3
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Objective Surface

+ Samples
4000 I Surrogate
=2 2000
S,
0D
2 .
0 i’
4 o= 0
2 .9 1
Expected Improvement Probability of Feasibility
400
’_Aﬁ
8
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Objective Surface

4+ Samples
4000 I Surrogate
= 2000
S
0.
2
Expected Improvement
400,
’_Aﬁ
8
=200
£3)
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Objective Surface

+ Samples
4000 I Surrogate
=2 2000
S,
0.
2 .
0 et
2 .9 1
Expected Improvement Probability of Feasibility
400
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8
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€3
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Objective Surface

+ Samples
4000 I Surrogate
=2 2000
S,
0.
2 N
0 et
2 .9 1
Expected Improvement Probability of Feasibility
400
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8
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Objective Surface

+ Samples
4000 I Surrogate

=2 2000
S,

0.

2 .

0 i’
4 o= 0
2 .9 1
Expected Improvement Probability of Feasibility
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Objective Surface

+ Samples
4000 I Surrogate
=2 2000
S,
0.
2
0 I
2 9 1
Expected Improvement Probability of Feasibility
400
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Convergence History

10 | |
w 0
:'g" 10
g
=
B 10 |
g
)
o9
&
10 F —— max( 150 (1))
g . —O—Axbest
O " —A—Afbest
1011 g niorm( 3fJpes)

4 6 8 10 12 14
Design Number
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Objective Surface

+ Samples
I Surrogate

Constraint Surface

L 0.045.

t
<
=
= 2
b <2

S
=
o &
% o

e

Drag Coeflicien
_ Lift Coefficient
o

it
s
=

—— 7-()({)71 0 ()2;,\,,.—-'-" - oo 1
002 poz X1 0 0.0z

Probability of Feasibility

X1

X2

2 Hicks-Hinne bump functions

Minimize drag
— % Maintain CL > 0.328
T2 002 ooz MOl Ma 03’ 1.25° AoA
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5% Thick parabolic airfoil

10 Hicks-Hinne bump functions

Minimize drag

Maintain equivalent area
— Allowed 5% constraint violation
— Sampled 2 chord-lengths below

Ma 1.7, 0° AoA
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Parabolic Airfoil Example

o Drag Coefficient Iistory Equivalent Area Functional History
' - - : 10 : : : -
=
=]
S
= S0t 1 E
= = 1
é P
[yen] =
g 10¢ g
R =
Ty —
E S
g 10"
5
=
=
Vv
10 1 1 1 — 1 . - p 10 1 1 1 L L -
0 b 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Number of Points Number of Points
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Parabolic Airfoil Example

Convergence History

10° |
L 0
£
=
=
. 107
o=
&
20
L 10" =——@==max(ISCh) .
g + Apest
> + Afbest
1071 @ norn( §fJoes) ]
20 25 30 35

Design Number
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Unconstrained

”

0.6

0.4

0.2

>0

-0.2

-0.4

-0.6

L

05 T 15 02 0 02 04 06 08 1 12 14 05 1 15

Cd = 0.00965 Cd = 0.00029 Cd = 0.00376
— DN

Pressure: 7.600E+04 8.737E+04 9.874E+04 1.101E+05 1.215E+05
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|

Equivalent Area

0.05

Target
Constrained EA
Unconstrained

42

0.5 1 1.5 2 2.5 3

X ({local to near field cylinder)
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N+2 Geometry
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N+2 Drag Example

e 1.3 million node drag mesh
9 FFD contol points on upper wing
e Mal.7,2.1° AoA
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92 |

oo e o8] oo
o =~ 3} oo

Drag Coefficient (counts)

o8]
o

®
o

Method

10

Drag Coefficient History

—&— (Gradient Based
—&— Surrogate Based

20

30 40

Design Iterations

SBO
GBO

45

Improvement Iterations
4.59% 27
4.55% 47
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Convergence Monitors
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—0— max( ISC1)

+ Axbest
+ Afbest
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Design Number
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N+2 Drag Example

z
B Original B Original
Bl Deformed v I Deformed
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N+2 Drag Example

Pressure Coefficient: -0.1200 -0.0612 -0.0024

Optimized

Baseline
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Our Approach to SBO

Optimize one objective with constraints

Two Adaptive Refinement Criteria
1. Modified expected improvement
2. Estimated optimum

Computational Cost

— Scale data and assume isotropic variation
— Condense hyperparameter space to four variables

Numerical Stability

— Constrain noise hyperparameters to maintain a

minimum amount of noise
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Questions?

image: nasa.gov
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Managing Gradient Inaccuracies
while Enhancing Optimal Shape Designh Methods

Trent Lukaczyk, Francisco Palacios, Juan J. Alonso
Department of Aeronautics & Astronautics
Stanford University

515t AIAA Aerospace Sciences Meeting
Grapevine, TX
January 10, 2013
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Motivation

N+2 Supersonic Passenger Jet Concept
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Outline

Gradient Accuracy
Evaluation

Noise-Tolerant
Response Surfaces
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BACKGROUND
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Gradient-Based
Optimization (GBO)

Initial
Guess
— Gradient
Optnr.uzed = Based = Desig
Design .
Optimizatio
Physical
Perform Model
Lambe and Martins, 2012.
SciPy SLSQP

Kraft, 1994
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NACA 0012 Test Problem

e NACA 0012, Ma=0.8, AoA=1.25°
e Euler second order

e Surface based continuous adjoint formulation
e Converged 10 orders of magnitude
e Hicks-Henne bump function design variables

Contours of Density Contours of Drag Adjoint Density




NACA 0012 Test Problem

Minimize drag while maintaining a
minimum lift and pitching moment

Contours of Density

Min. Cp(x)
f x € R
s.t. C.(x)>0.3282

Cpiy(x) > 0.0341

0.5 =

BN | UEEEEEEEEEEEEEN S
D

BEE@@————-—==—=========
mmom o et W e O D - =

[an] [an} o o o o o o o e

L I | | 1 1 I 1 1 | 1 I | 1 1 | I 1 1 I -
05 0 0.5 W 18 ) aerospacedesignlab
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0.36

0.34

0.32

CL

0.31

0.28

0.26

58

GBO Convergence Issues

Drag Coefficient

—e— Baseline Adjoint

—o— Baseline FinDiff 1e-4 |

10

Lift Coefficient

15

5

10
CFD Evaluation

15

Baseline grid

Adjoint and finite
difference gradients

10 Hicks-Henne Bumps

Plotting all CFD
evaluations, including
sub-iterations

Performance set back
loosely indicative of
inaccurate update to
Hessian
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0.025

0.02f
0.015f
(]
o
0.01f

0.005F

0.35

CL

0.25

61

Drag Coefficient

—e— Adapted Adjoint
—=— Adapted FinDiff 1e-3
—a— Adapted FinDiff 1e-6

4 6 8 10 12

0.3r

Lift Coefficient

CFD Evaluation

Adaptation with
different gradient
approaches

Adjoint suffers from
poor sub-iterations near
optimum

Clear dependence of
problem on finite
difference step

Larger step appears
more robust to changes
in discretization
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Surrogate-Based
Optimization (SBO)

Optimized
Design

62

Initial
Guesses
Surrogate
Based Training Designs
Optimization
~ h 4
Performance el = Performance Observations
Model
F
v
Learning Learning
Model = Parameters
Estimated Surrogate
Optimum Model
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RSM Generation Issues

e RSM enhanced with Adjoint Gradients e

e Two Hicks-Henne Bump Functions C_%—>

e 10x10 grid of simulations

Surfaces of Drag Coefficient Contours of Drag Coefficient
0.045 0.02 ~
I Direct Grid ‘ 3 @& Direct Grid ; \
0.04 - g —
0.01F
0.035 | 9
) = 0
0.03 - Y
0.025 - -0.01 \ /
0.02 - | _0.0& S~ ) . : A
0.02 0 -0.02  -0.01 0 0.01 0.02 -0.02 -0.01 0 0.01 0.02
X2 (1/c) . X1 (1/c) X1 (1/c)
Surfaces of Lift Coefficient Contours of Lift Coefficient
05 0.02 . ‘
0.4
0.01
0.3 0)
— —
O = 0
0.2 o
94
0.1 -0.01¢
0 ! 002
0.02 0 -0.02 -0.01 0 0.01 0.02 -0.02

X2 (1/c) X1 (1/c)
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RSM Generation Issues

e RSM enhanced with Adjoint Gradients e

e Two Hicks-Henne Bump Functions C_%>

e LHC sampled simulations

Surfaces of Drag Coefficient Contours of Drag Coefficient
0.045 I 0.02
I Direct Surrogate @& Direct Surrogate
0.04 -\ \ + Adjoint Samples 001 * Adjoint Samples
Adjoint Surrogate o:1e-10 "~ J @& Adjoint Surrogate o:1e-10
R 0035_ : “\ \ = : g o § [ ] g -+
(@] \ ’ = oF /+
0.02 - - ——r - -0.0 J ‘ ; -
0.02 0 -0.02 -0.01 0 0.01 0.02 -&02 -0.01 1 ?” ) 0.01 0.02
X2 (1/c) X1 (1/c) ¢
Surfaces of Lift Coefficient Contours of Lift Coefficient
0.5 T - 0.02 , ,
04-
@tﬁ\ ~ tok
0.3+ \R N &)
_| I \ -
$) Ao
0-2_ A >N< O
0.1 0.01
0
0.0
0.02 0 -0.02 -0.01 0 0.01 0.02 -&02 -0.01 0 0.01 0.02

X2 (1/c) X1 (1/c) X1 (1/c)
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Outline

Gradient Accuracy
Evaluation

Noise-Tolerant
Response Surfaces
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Reference Gradient

Drag Coefficient

—e— Direct i
0.0284 Surrogate Cl_}
a I e . . 1

0.%0 001 : —ees . o2 * NACA 0012 Test Case

Lift Coefficient  One Hicks-Henne Bump
Function

e 41 Evaluationsin
X € [-0.02, 0.02]

O. L 1
—(?.02 -0.01 0 0.01 0.02
X (1/¢)

66 ) aerospacedesignlab



Reference Gradient

Q ( One Hicks-Henne Bump Function )
XA

Drag Coefficient Sensitvity

Drag Coefficient

o Direct P — Surrogate \
0.028 Surrogate |- 1+
>
O
"o 05
[®]
©
0
L | 1 ’ J -D_ ! ! ! J
0% 02 -0.01 0 0.01 0.02 502 -0.01 0 0.01 0.02
Lift Coefficient Lift Coefficient Sensitvity
045 T 2 T T T
0.4+
0.35|
-
(@]
0.3
0.25|
o2 -0.01 0 0.01 0.02 Boz 20.01 0 0.01 0.02
X (1/c) X (1/c)

* RSM with only direct data used to estimate reference gradient
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Baseline Mesh Gradients

Q ( One Hicks-Henne Bump Function )
XA

Drag Coefficient Sensitvity

Drag Coefficient

—o—Direct 1 —e— Adjoint
0.028 Surrogate 1k —e— FinDiff 1e-3
— Surrogate
x
Ke)
(=]
(@]
©
L | 1 ’ J _D_ 1 1 L
0% 02 -0.01 0 0.01 0.02 '502 -0.01 0 0.01 0.02
Lift Coefficient Lift Coefficient Sensitvity
0.454 : 2 . ‘ :
0.4+
0.35|
-
(@]
0.3+
0.25|
G0z -0.01 0 0.01 0.02 Bo2 20.01 0 0.01 0.02
X (1/c) X (1/c)

e Adjoint gradients show bias errors, Finite difference gradients show noise
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Adapted Mesh Gradients
cj’:%;\_:- ( One Hicks-Henne Bump Function )

Drag Coefficient Sensitvity

Drag Coefficient

_Ie_ Direct P —e— Direct Adapted
0.028 Surrogate —e— Adjoint Adapted
1+ —&— FinDiff 1e-3 Adapted
5 — Surrogate
[m]
(®]
© O_ i
L | 1 Bt o o | | _1 1 I I |
0'-08.02 -0.01 0 0.01 0.02 -0.02 -0.01 0 0.01 0.02
Lift Coefficient Lift Coefficient Sensitvity
0.45; . : ; ;

0.35]

— .
B

9802 -0.01 0 0.01 0.02 -1 I :
: - : : 02 -0.01 0 0.01 0.02
X (1/c) X (1/c)

0.25]

* Finite difference gradients are more robust to changes in discretization
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Outline

Gradient Accuracy
Evaluation

Noise-Tolerant
Response Surfaces

70 ) aerospacedesignlab



RSM Generation Issues

Adjoint Gradients

Surfaces of Drag Coefficient Contours of Drag Coefficient

0.045 I 0.02
[ Direct Surrogate & Direct Surrogate
0.04 -\ + Adjoint Samples 0017 * Adjoint Samples
Adjoint Surrogate o:1e-10 __ ¢ @&Adjoint Surrogate ¢:1e-10
0.035- v Q) -
o / = of &
0.03 Q
0.025 001 \
0.02 T 1 : = S : _0_0& >\ ) n | J
0.02 0 -0.02  -0.01 0 0.01 0.02 -0.02 -0.01 0 0.01 0.02
X2 (1/c) X1 (1/c) X1 (1/c)
Surfaces of Lift Coefficient Contours of Lift Coefficient
0.5 , 0.02¢
04 X
R 0.01F
0.3 5
- -
© 02 g 0
. ™~
' x
0.1+ -0.01
0 . .
-0.0
0.02 0 -0.02 -0.01 0 0.01 0.02 —&02 -0.01 0 0.01 0.02
X2 (1/c) X1 (1/c) X1 (1/c)

Mean Errors: Lift Objective: 5.5%; Lift Gradient: 50.8%: Drag Objective: 4.8%:; Drag Gradient: 12.8%

T}Q

< ——— ( Two Hicks-Henne Bump Functions )
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geGPR Formulation

The GPR derivation yields a system of linear equations that
estimates an unknown function value ...

f!::k — k(.’]?z, (Eq) k(wp: wQ)_l fp

To include gradient information, we use the derivatives of the
correlation model...

9 __ 9k(p.q)
k (Gchv ? q) - ox,

This assumes an exact correlation between
. function and gradient!

Rasmussen, 2006



geGPR with Noise Models

Including a model of independent Gaussian noise ...
fn(x) = [ (x) +e

... requires us to update our correlation model ...
k] = [k] + [kn]

9‘% In",n’ O*n,":m," n' = “)’L(l + d)
Om-";n,’ 9421 Im-’;m,’ m' = m(1+d)

fn] =

... which adds two parameters that control the amount of
deviation from functions and gradients.
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RSM Generation Issues

Adjoint Gradients, No Noise

Contours of Drag Coefficient

Surfaces of Drag Coefficient

0.045 | 0.02
I Direct Surrogate @& Direct Surrogate
0.04 -\ + Adjoint Samples 0017 * Adjoint Samples
Adjoint Surrogate c:1e-10 __ 4 @>Adjoint Surrogate ¢:1e-10
0.035+ Vo L T
g 0
0.03 3,
0.025 -0.01
0.02 T ] T = I T _0_0& . |
0.02 0 0.02  -0.01 0 0.01 0.02 -0.02 -0.0 0 0.01 0.02
X2 (1/c) X1 (1/c) X1 (1/c)
FiniteAdijdéere Gra dieadse Bts, (Siteys: 1 e-3)
?
Surfaces of Drag Coefficient Contours of Drag Coefficient
0.045 I 0.02
[ Direct Surrogate @& Direct Surrogate
0.04 + Adjoint Samples 001" _* Adjoint Samples
FinDiff Surrogate o @& FinDiff Surrogate
0.035 - )
[a] E. 0
0.03- x
0.025 -0.01
002 T I T T I -00 p
0.02 0 -0.02  -0.01 0 0.01 0.02 02 -0.01 0 0.01 0.02
X1 (1/c)

X2 (1/c) X1 (1/¢)
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Outline

Gradient Accuracy
Evaluation

Noise-Tolerant
Response Surfaces
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Motivation




Active Subspaces for
Shape Optimization

Trent Lukaczyk, Francisco Palacios, Juan J. Alonso
Department of Aeronautics & Astronautics
Stanford University

Paul G. Constantine
Department of Applied Mathematics and Statistics
Colorado School of Mines

525t AIAA Aerospace Sciences Meeting
National Harbor, MD
January 16, 2014
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Optimal Shape Design

Goal: Improve aircraft performance by
iteratively changing an aerodynamic shape

Common Approaches:
e Local Optimizers:

— Gradient Based Algorithms
e Global Optimizers:

— Genetic Algorithms

— Particle Swarm Algorithms

e Surrogate Based Optimizers:

— Gaussian Process Regression
78 ) aerospacedesignlab




Curse of Dimensionality

Problem: Realistic shape design problems
require order-100+ design variables

Common Challenges:

e Local Optimizers:
— Locked in local minima
e Global Optimizers:

— Tens of thousands of design
evaluations

e Surrogate Based Optimizers:
— Not predictive above ~10 design variables
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Solution: Exploit redundant variables and
global trends to estimate objectives in a
smaller subspace

Example: F(x,y) = (xsin(%) + y cos(

80



Fundamental Assumption

f(x,y) = (xsin(Z) +y cos(3))’

F(X,Y)
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ACTIVE SUBSPACE
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Active Subspace

“A low-dimensional subspace of the inputs
that captures global trends of the objective”

 Works by finding eigenvectors of
objective gradients

e Comparable to Principal
Components Analysis

— PCA: reduce output space dimension

— Active Subspace: reduce input space
dimension

Constantine, P. G., Dow, E., and Wang, Q., “Active subspace methods in theory and practice:

applications to kriging surfaces," 2013. .
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Design Space Sampling

Eigenvalue Decomposition

Project into Active Subspace

Resample in Active Subspace

Apply Surrogate Model
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Active Subspace Construction

With a set of design samples, estimate the covariance matrix of
the objectlve s gradients:

Zvﬁxf

Decompose the matrlx |nto elgenvalues and eigenvectors:
C = WAW?!

Sort these by decreasing eigenvalue, and partition them into an
active space U and inactive space V:

W:{U v} A= | M

Ao

The columns of U define the active subspace, and designs can be
projected using the forward map:

y=U"x
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Mapping

Full space
high dimension

x e X

[ 1 A\

Forward map Inverse map
y=U'x ?7?7?
Oney for each x Many x for each y

N ]

Active subspace

low dimension

y €y
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Inverse Mapping

Full space  Asimple injection
high dimension

x e X

T
AN y=U"x
Pseudo inverse
Inverse map (orthogonal basis)
x=U X
1 y -+ 0
Active subspace
low dimension » May not be bounded
y €V in the full space

88 ) aerospacedesignlab



Inverse Mapping

Full space  Bounded injection
high dimension

X e X .

S1vell Y = Yselect
A minixmize 0' X (2 dummy function)
Inverse map subject to [b; < x; < ub;
y=U'x
I yield X
Active subspace

low dimension » Solvable by linear program

y €V
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Inverse Mapping

 Advanced Mappings

| Example:
glven Ya = Yselect
fu(%) & galya) Drag Surrogate
— (%) ~ gu(yp) Lift Surrogate
— Yo =U,x, Us € Rinxr, Drag Subspace
T
— Yo =Upx, Up € R, Lift Subspace
minimize 0, (a dummy function)
subject to [b; < x; < ub;, i € {0,....,m}
Ya = UgX
— g(Upx) <c Lift Constraint
yield X

» Construct one subspace for each objective
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DESIGN PROBLEM
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FIGURE B1-1 g
J”J"l
P |
SWEPT WING M6 P
!; J’Ir
/1 :
Aspect ratio A= 38 ;o
!
/ I
Taper ratioc A = 0.56 oed /
# /
ra i
Sweep angle N, =26.7° . /
259 B0 H
s /
,/ ‘J'
ROWS OF PRESSURE TAPS i !
— o1t s T E
N° Y/E upper under /; j‘ £
1[020] 23 | 1 / / i
2l044| 23 | 11| =R
3l06s| 23 | m_| g
j_ 060 23 1
[5[os0] 31 | 14
[6]095] 51 | 14 :
7]099| 31 14 | onera D 5
WING SECTION/ =7 == 3
i
L0
END PLATE |
el L
- 05.9mm - L —H]|
1578.7 mm ——
ONERA PSP T T TIF P77 77 7P P d 27777 7 PPrrr —4/777/7

Schmitt, V. and F. Charpin, "Pressure Distributions on the ONERA-M6-Wing at Transonic Mach Numbers," Experimental Data
Base for Computer Program Assessment. Report of the Fluid Dynamics Panel Working Group 04, AGARD AR 138, May 1979.




M6 Problem

Simulation Conditions Direct Solution

Ma = 0.8395
AoA = 3.06°
Euler Equations

Optimization Problem

minimize Cp(x)
X

subject to  Cp(x) > 0.2864
lb; < x; < ub;, 1 € {0, ...,m},
x € R™

Adjoint Solution
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ONERA M6 Problem

http://su2.stanford.edu

Open Source and Actively Developed
by the Aerospace Design Lab

Direct Solution

The Open-Source CFD Code

Adjoint Solution 5 u
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for Surrogate Based Optimization

Important Attributes ol

+ Non-parametric

+ Uncertainty of Fit Available ¥ l
+ Can Model Noisy Data g Or
+ Gradient Information : 1
- Struggles with D>10 . Uncertainty —
™ inpgt, X °

Trent Lukaczyk, T., Palacios, F., and Alonso, J. J., “Managing Gradient Inaccuracies while Enhancing Response Surface Models,” 51st AIAA
Aerospace Sciences Meeting and Exhibit, Grapevine, TX, January 2013.
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DESIGN EXPLORATION
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Design Space Sampling

Eigenvalue Decomposition

*,_ | Projectinto Active Subspace

Resample in Active Subspace

‘ Apply Surrogate Model
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Design Space Sampling

Eigenvalue Decomposition
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ONERA-M6 Wing Test Case

50 FFD control points with
motion in z-direction

Latin Hypercube Sampling
300 Samples in bounding box
x. € [-0.05, 0.05],1={1,...,50}

- A

 CFD evaluations for Direct Flow,

99

Drag Adjoint, Lift Adjoint

» High performance computing can exploit

parallel sampling
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Eigenvalue

Drag
Lift

10

20 30
Active Subspace Dimension

40

50
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100' — Drag i
| —e Lift
i
107 |
i
5 I
g I
$ 107 - 1 User’s Choice
L
i
1073} :
I i
i
i i
" T
0 1 2 3 4 5 6 7

Active Subspace Dimension

» Choose 1-D Lift, and 5-D Drag
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] Project into Active Subspace
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0.5

Dim. Training

Error

2.6%
2.3%
2.2%
2.1%

0.4}
o 1
ko
[ ’)
E 0.3
O 3
=
—

0.2 4

x% )
0.1} -
—0.10 ~0.05 0.00 0.05 0.10
Lift Reduced Coordinate
y = U'x
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» Lift collapses into 1-D with a linear trend
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Drag Coefficient in 2-D

X X Sample 1
B Surrogate

X |

Drag Coefficient

Dim. Training

Error
1 8.3%
2 5.1%
5 2.9%
6 2.5%

» Model in 5-D, Explore in 2-D



Active Subspace Construction

Resample in Active Subspace
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0.25-

0.15F

Drag Reduced Coordinate 2

-0.2r

-0.25+

106

0.05

-0.05¢

-0.1F

0.2

0.1

Resampling for Surrogates

Drag Feasible Space

Construct a Feasibility Hull
An n-dimensional polygon
which bounds the feasible
space for this design problem.

— For each grid sample, at least one

point in the full space:

1. Projects to the given point in
the drag active subspace.

2. Iscontained in the full-space
bounding hyper-cube.

3. Has a lift, estimated in the lift

e Grid Search Locations|

active subspace, that is

-0.2

-0.1 0 0.1 0.2 0.3
Drag Reduced Coordinate 1

feasible.
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0.25¢ veeresrssrses . .
W4 Bt — Coarsen the sample grid
0.2t EE:._ i .
: with a mesh
0.15¢
o~ i
% 0.1 i
§ 0.05 Inject these points into the
(@]
© o full space
(0]
S .0.05}
g
-0.1
§’_0 . Evaluate with CFD
0ol (only the direct solution)
-0.25+ ) ::::::=.- Grid Search Locations
® New Sample Candidates
-0.2 -0.1 0 0.1 0.2 0.3

Drag Reduced Coordinate 1
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Active Subspace Construction

2

‘ Apply Surrogate Model

\
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109

BlE Sample 1

@P@ Sample 2
Bl Surrogate

—

—0.1 0.0 0.1
Drag Reduced Coord

0.2
inate 1

0.3

Sample 1: used to find the
active subspace

Sample 2: used to produce a
surrogate model

Each point on the surrogate
should have a feasible lift,
and a minimum drag for that
location
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Drag Reduced Coordinate 2

' ' ‘ ' ' . 0.140
I 0.15}
0.2} |
0.112
0.10}
™~
0.1} o S p
= 0.05
0084 § 5
£
o g 9 o00f
P > B
0056 & 2
0.1f S 2 005}
0. 5 s
-
-0.10
—0.2/-|HM@ Sample 1 | 0.028
@®@ Sample 2 el
Bl Surrogate .
-02 0.1 0.0 0.1 0.2 0.3 0.000

Drag Reduced Coordinate 1

 Two active-space variables for drag, GPR surrogate

CMfm Sample 1

@89 Sample 2
B Surrogate

- Constraint

-0.3 -0.2 -0.1 0.0
Lift Reduced Coordinate 1

0.1

Il.OO
0.82

| Iozs
0.10

10.64

40.46

R

c
u
=
=

]

o
Q
b=
-

e |dentifies feasible region in drag space, given lift constraint
» Surrogate can be used to estimate optimal designs
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OPTIMIZATION RESULTS



Drag Reduced Coordinate 2

New samples near estimated optimum

0.2F

0.1f

0.0F

-0.1}

-0.2| | @@@® Bounding Samples
#9¢ Candidate Optima

Bl Surrogate

I0.140
| 0.112

I0028
0.000

112

-0.2 -0.1 0.0 0.1 0.2 0.3

Drag Reduced Coordinate 1

» Surrogate model predicts optimum in 2-D

o
o
©
B

e
o
o
=]

Drag Coefficient

Lift Reduced Coordinate 2

0.15F

0.10f

0.05F

0.00

—0.05F

-0.10

=0.15F

@89 Bounding Samples
#9¢ Candidate Optima
Il Surrogate

- Constraint

-0.3 -0.2 -0.1 0.0
Lift Reduced Coordinate 1

» Locations are injected into 50-D

0.1

I 1.00
0.82

| Iozs
0.10

40.64

+0.46

)
c

Lift Coefficie



Drag Reduced Coordinate 2

The Predicted Optimum

0.140
0.2 I
0.112
0.1F
10.084
0.0F
10.056
-0.1r
(o}
-0.2| | @@@® Bounding Samples 0.028
#9¢ Candidate Optima
Bl Surrogate
: 0.000

-0.2
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-0.1 0.0 0.1 0.2 0.3
Drag Reduced Coordinate 1

Drag Coefficient

H [ [ [ e

Pressure_Coefficient: -1.20 -0.93 -0.67 -0.40 -0.13 0.13 040 0.67 093

Cp, =0.0101, C; = 0.2786




Z

A

B 7 [ [ [

Pressure_Coefficient: -1.20 -0.93 -0.67 -0.40 -0.13 0.13 040 0.67 093 Pressure_Coefficient: -1.20 -0.93 -0.67 -0.40 -0.13 0.13 040 0.67 093

Cp =0.0118, C; =0.2864 Cp=0.0101, C;, = 0.2786
» 14.4% Drag Reduction, 2.7% Lift Reduction

B 7 [ [ [
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Compared to GBO

A Gradient-Based Optimum

z

0.06
0.1273 v

0.04 0.1131

™~

P 0.0990

T 0.02 .

5 {0.0848 §

g S

= 0.00 10.0707 @

o [@)

=1 o

3 10.0566 ©

g ~0.02 0.0424

E a

-0.04| §4¢ Candidate Optima 0.0283

@®@ GBO Trajectories
Hll Surrogate

0.0141

—-0.00

0.0000

-0.08 -0.06 -0.04 -0.02 0.00 0.02
Drag Reduced Coordinate 1

H [ [ e

Pressure_Coefficient: -1.20 -0.93 -0.67 -0.40 -0.13 013 0.40 0.67 093

Cp, = 0.0089, C; = 0.2868
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Compared to GBO

Active Subspace Optimum  Gradient Based Optimum

Z Z

A A

B 7 [ [ [

B 7 [ [ [

Pressure_Coefficient: -1.20 -0.93 -0.67 -0.40 -0.13 0.13 040 0.67 093 Pressure_Coefficient: -1.20 -0.93 -0.67 -0.40 -0.13 013 0.40 0.67 093

Cp=0.0101, C;,=0.2786  Cp=0.0089, C; =0.2868
» GBO still out-performs locally
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Active Subspace

Flow +
Adjoint
Evaluations
Initial Sample 300 x 3
Active Subspace 22
Resample
Optimum 5
Samples
Total 925

Gradient Based

Flow +
Adjoint
Evaluations

GBO Start 1 56
GBO Start 2 28
GBO Start 3 41
GBO Start 4 34
Total 159
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Summary

Active Subspaces
Mapping

Design Problem
Design Exploration
Optimization Results
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Conclusions

* Addresses problems faced while using

surrogate models in dimensions greater than
order ten

 Enables design exploration in low dimension
and visualization in two dimensions

 Novel approach to mapping between coupled
subspaces of a design problem
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x x Sample 1
Bl Surrogate

X
0.04
X ]
3 2
X
0.03 &
3
0.02 &
a
0.01
0.0
Or, 0.0 _
3g , 0.0 0,06
Rey 5.0_0 —O.UZO'cgf\a’te’z

lce, ;0.0 0.00 0
dc%é’-%_g% I 0,00%024ced Coo
Matg ;>0 0.067 a0 ®

Optimized
Design

# Objective

Y,DY = Rosenbrock_Function(X)

Train = VyPy.Training(XB,X,Y,DY)
Kernel = VyPy._Kernels.Gaussian(Train)
Model Y = VyPy_Modeling(Train,Kernel)

# Efficient Global Optimization
Sample = VyPy.Sampling(Model _Y,Func_Y)
Sample.Optimize()

120

VyPy

github.com/aerialhedgehog/VyPy

Initial
Guesses
Surrogate
Based Training Designs
Optimization
T \ 4
Performance AT [ Performance Observations
Model
yY l
Learning Learning
Model > Parameters
Estimated Surrogate
Optimum Model
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Ongoing Work

e Complex design problems (sonic boom)
 Poorly behaved objectives
e Mode visualization
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Lift Coefficient

0.185—

0.15¢

0.145}

0.147

0.135¢

0.13/

0.125¢

0.12—
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-0.2

0

0.2

Active Subspace Coordinate

04 0.6

» To provide design insight
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Questions?

Thank You!
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Thank Youl!
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